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Abstract. Let X be a locally compact Polish space and G a non-discrete 
Polish ANR group. By C{X, G), we denote the topological group of all con- 
tinuous maps f : X G endowed with the Whitney (graph) topology and 
by Cc{X,G) the subgroup consisting of all maps with compact support. It 
is known that if X is compact and non-discrete then the space C{X,G) is 
an Z2-manifold. In this article we show that if X is non-compact and not 
end-discrete then Cc{X,G) is an (IR°° X /2)-uianifold, and moreover the pair 
{C{X, G), Cc{X, G)) is locally homeomorphic to the pair of the box and the 
small box powers of I2 ■ 

1. Introduction 

This paper is one of studies on local or global topological types of infinite- 
dimensional topological groups, which appear as function spaces over non-compact 
spaces (U nil H IS])- For spaces X and Y let C{X,Y) denote the space of all 
continuous maps f : X ^ Y endowed with the Whitney (graph) topology. When 
X is compact, this topology coincides with the compact-open topology. In [16] the 
third author showed that if X is a non-discrete compact metrizable space and F is a 
Polish ANR without isolated points, then the space C{X, Y) is an Z2-manifold, i.e., 
a paracompact Hausdorff space which is locally homeomorphic to (w^) the separa- 
ble Hilbert space h- Here and below, a Polish space means a separable completely 
metrizable space. 

Suppose X is a paracompact space and G is a Hausdorff topological group with 
the unit element e. Then, the space C{X, G) is a topological group under the 
pointwise multiplication. Let Cc{X, G) denote the subgroup of G[X, G) consisting 
of maps f : X ^ G with compact support. Here, the support of / € C{X, G) 
is defined by supp(/) = c\x{x £ X : f{x) ^ e}. When X is a non-discrete 
compact metrizable space and G is a non-discrete Polish ANR group, from [1^ or 
the famous Dobrowolski- Toruhczyk's theorem on Z2-iiianifold topological groups, it 
follows that C {X, G) is an Z2-nianifold. In this paper we study topological types of 
the spaces C(X, G) and Gc(X, G) in the case where X is non-compact. The group 
structure on these spaces is a key ingredient to our arguments. 

A Frechet space is a completely metrizable locally convex topological linear space. 
An LF-space is the direct limit of increasing sequence of Frechet spaces in the 
category of (locally convex) topological linear spaces. In [T4| it is shown that a 
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separable LF-space is honieomorphic to («) either I2, or M°° x I2, where M°° 
is the direct hmit of the tower 

C C C • • • . 

The spaces R°° and R°° x I2 are homeomorphic to the countable small box powers 
□'*'R and nPh, respectively. The latter spaces are subspaces of the box powers □'^M 
and 0^/2 ■ See Section 2 for the definition of the (small) box powers (or products). 
For simplicity, the pair (0^/2, 0^/2) is denoted by (□, □)^Z2- We say that a space X 
is end- discrete if X\K is discrete for some compact subset K of X. The following 
are the main results of this paper. 

Theorem 1.1. Let X be a non-compact locally compact Polish space and G a 
non-discrete Polish AR (ANR) group. 

(1) If X is not end-discrete or G is not locally compact, then 

{C{X,G),G,{X,G)) (□,□)%. 

(2) Suppose G is locally compact. 

(i) If X is end-discrete and non-discrete, then 

{C{X,G),C,{X,G)) h X (□,D)Nm. 

(ii) IJ X is discrete (i.e., X « NJ, then 

{C{X,G),Cc{X,G)) {U,Bf^. 

Theorem 1.2. Let X he a non- compact locally compact Polish space and G a 
Hausdorff topological group. 

(1) If G is (locally) contractible, then Gc{X,G) is (locally) contractible. 

(2) Suppose G is a non-discrete Polish ANR group. 

(i) // X is non-discrete or G is not locally compact, then the space 
Cc{X,G) is an (R°° x l2)-manifold. In addition, if G is an AR, 
then Cc{X,G) wR°° x ;2. 

(ii) If X is discrete and G is locally compact, then the space Cc{X,G) is 
an -manifold. In addition, if G is an AR, then Cc{X, G) w R°°. 

2. The box topology and topological groups 

In this preliminary section we recall basic facts on the box topology and topo- 
logical groups (cf. [3, Section 2], [12j[T7]). The box product DigNXi of a sequence 
of topological spaces (Xi)^^^ is the countable product HieN"'^* endowed with the 
box topology. This topology is generated by the base consisting of boxes Y\i&i ^i, 
where Ui is an open subset in Xi. The small box product HigpjXi of a sequence of 
pointed spaces [Xi, *i)igN is the subspace of DigNXi defined by 

□igNXi = { {xi)igi £ Ui^TsiXi : 3n e N, \/i>n, Xi = *i]. 

For notational simplicity, the pair (DigNXi, HigNXi) is denoted by the symbol 
(□, □)igNXi. In case Xi = X for every i g N, DigNXj and are respectively 

denoted by U^^X and H^X and called the box power and the small box power, and 
moreover (□,H)igNXi is denoted by (□,H)f^X. 



SPACES OF MAPS INTO TOPOLOGICAL GROUP WITH THE WHITNEY TOPOLOGY 3 

Suppose G is a topological group with the unit element e £ G. We always choose 
this unit element e as the distinguished point of G and its subgroups. A tower of 
closed subgroups in G is a sequence (Gi)igN of closed subgroups of G such that 

Gi c G2 C Gg C ■ ■ • and G = |J G,. 

ieti 

This tower yields a box product pair (□, □)igNGi and the multiplication map 

p : Bi^fiGi G, p{xi,X2, ■■ ■ ,Xi) = X1X2 ■■■Xi. 

Note that (□, □)igNGi is a pair of a topological group and its subgroup with the 
unit element e = (e,e,...) and that the multiplication map p is continuous ([3j 
Lemma 2.10]). 

We say that (i) a map / : A" — )■ 1" is open at a point x £ X if for any neighborhood 
U oi X in X the image f{U) is a neighborhood of f{x) in Y and (ii) f : X Y 
has a local section a.t y G Y ii there exist a neighborhood V oi y in Y and a map 
s -.V -1- X such that fs — idy- 

Remark 2.1. (1) The map p is open iff p is open at e. 
(2) If the map p has a local section at e, then p is open. 

We say that a topological group G is the direct limit of the tower (Gi)igN in 
the category of topological groups if any group homomorphism h : G ^ H to 
an arbitrary topological group H is continuous whenever its restrictions h\G. are 
continuous for all i G N. Note that G is the direct limit of (Gi)igN if and only if G 
carries the strongest group topology inducing the original topology on each group 
Gi. This description of the direct limit topology has the following consequence (cf. 
[1 Proposition 2.7], Theorem 2.2]): 

Proposition 2.2. // the map p : HigNGi G is open, then G is the direct limit 
of {Gi)i(=fi in the category of topological groups. 

We conclude this section with some remarks on the (local) contractibility of the 
small box products. A space X is called (i) strongly locally contractible at x Cz X ii 
every neighborhood U oi x contains a neighborhood V oi x which contracts to the 
point X inU with keeping x fixed (i.e., there is a contraction ht : V U {t G [0,1]) 
of V with ht{x) = x), and (ii) strongly contractible at x £ X ii X contracts to 
X in itself with keeping x fixed. Note that if a topological group G is (locally) 
contractible then G is strongly (locally) contractible at every a; G G ([Sj Remark 
2.9]). 

Proposition 2.3 ([3l Proposition 2.8]). The small box product n]i^f,]{Xi,Xi) is 
strongly (locally) contractible at the base point x = {xi)i£jq if and only if each space 
Xi is strongly (locally) contractible at the base point Xi. 

3. Topological group G{X,G) 

3.1. The graph topology. For spaces X and Y let C{X,Y) denote the space of 
continuous maps f : X ^ Y endowed with the Whitney topology (or the graph 
topology). For / G G{X,Y) the symbol F/ stands for the graph of / (i.e., F/ — 
{ (x, f{x)) £ X y. Y : X £ X}). The graph topology on C{X, Y) is generated by 
the base 



{U)^{f e C{X, Y):Tf CU} {U runs over the open sets inXxY). 
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For pairs of spaces {X, A) and {Y, B) let C [X, A] F, B) denote the subspace of 
C{X, Y) defined by 

C{X, A- Y,B) = {fe C{X, Y) : f{A) C i? }. 

For a point y E Y let y = yx ^ C{X, Y) denote the constant map onto y. 

Suppose G is a topological group with the unit element e. Then, the space 
C{X, G) has the canonical group structure defined by the pointwise multiplication 

Ug){x) = f{x)g{x) {f,g e C{X,G), x e X). 

Then, the constant map e is the unit element of C{X,G). The inverse /^^ of 
/ e C{X, G) is defined by 

r\x) = {f{x))-' (xex). 

The support of / G C{X,G) is defined by supp(/) clx{x G X : f{x) ^ e}. We 
obtain a subgroup 

GciX, G) = {/ e G{X, G) : supp(/) is compact}. 

Now we shall show that when X is paracompact, Q — G{X, G) is a topological 
group with respect to the graph topology. First we see that the inverse operator 
and the left/right multiplications are always continuous. 

Lemma 3.1. The inverse operator 9 : Q ^ Q, 0{g) = g^^ and the left/right 
multiplications Lf,Rf : Q Q , Lf{g) — fg, Rf{g) = gf are continuous. 

Proof. Since G is a topological group, we have the homeomorphisms: 

(i) e : X X G « X X G, e(.x,y) = 

(ii) :XxG«XxG, <Pfix,y)^{xJ{x)y), <i>f {x,y) = {x,yf{x)). 
Note that e{Tg) = Fg-i, $/(Fg) F/g and <i>f{Tg) = Tgf for any g e G{X,G). 
Therefore, if 5 G {U), then g-^ G {Q{U)) and fg G gf G {^^{U)). This 
implies the assertions. □ 

Proposition 3.2. For every paracompact space X, the group C{X,G) is a topo- 
logical group with respect to the graph topology. 

By Lemma 13.11 the continuity of the multiplication of G{X, G) reduces to its 
continuity at (e, e). The latter is equivalent to the assertion that each neighborhood 
(14) of e admits a smaller neighborhood (V) of e with (V)(V) C (U). For U,V C 
X X G, we set UV = {{x,yz) e X x G : {x,y) G U,{x,z) G V}. Note that 
Tfg = F/Fg and {U)(V) C {UV). Therefore, Proposition ESI follows from the next 
lemma. 

Lemma 3.3. If X is paracompact, then for any neighborhood U ofTg there exists 
a neighborhood V ofTg such that VV C U. 

Proof. For each x £ X there exist open neighborhoods Ux of a: in X and Wx of 
e in G such that Ux x WxWx C U. Since X is paracompact, the open covering 
{Ux}xex admits a locally finite open refinement {Vx}xex with Vx C Ux {x X). 
Each y & X has an open neighborhood Oy which meets at most finitely many Vlr's. 

Then Wy = {~\{Wx : Oy r\Vx ^ %} is an open neighborhood of e in G. Finally, we 
define 

V=[jOyXWy. 
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It remains to show that VV C U. Given any (z,a),(z,6) G V. There exist 
y,y',x e X such that {z,a) £ Oy x Wy, {z,b) £ Oy^ x Wy> and z G V^- Since 
Vx meets both Oy and Oy', it fohows that Wy,Wy' C and that {z,ab) £ 
Ux X WI^W^ C U. This means that VV CU. □ 

3.2. Compact case. When X is compact, the graph topology on C{X,Y) coin- 
cides with the compact-open topology. In this subsection we list some basic facts 
on the space C{X,Y) for a compact metrizable space X. The proof of the main 
theorem in [16) can be modified to prove the following relative version: 

Theorem 3.4 ([16]). Let X be a compact metrizable space with a compact subset 
K X and Y a Polish AR (ANR) without isolated points. If X \ K is infinite or 
Y I2, then C'{X, K; Y, y) I2 for any y £Y . 

When y is a topological group, we have a more precise conclusion. 

Theorem 3.5 ([III HI], [3 Corollary 1]). Let G be a Polish AR (ANR) group. 
Then. 

(1) G h if G is non-locally compact, and 

(2) G for some n > if G is locally compact. 

In Theorem 13.51 if G is an ANR, then G is an Z2-nianifold in the case (1) and 
a Lie group in the case (2) Corollary 1]). For the AR case, note that (1) any 
contractible Z2-nianifold is homeomorphic to I2 itself and (2) any contractible n- 
dimensional Lie group is homeomorphic to M". In fact, by Cartan-Malcev-Iwasawa's 
polar decomposition theorem 113! ^^.y connected Lie group G admits a factorization 
G ~ K X R", where K is any maximal compact subgroup of G. If G is contractible, 
then the closed manifold K is also contractible and hence consists of a single point. 

Corollary 3.6. Let X be a compact metrizable space with a compact subset K X 
and G a non-discrete Polish AR (ANR) group. 

(1) If X\K is infinite or G is non-locally compact, then C{X,K;G,e) I2. 

(2) If X \ K is finite and G is locally compact, then C{X, K: G, e) M" for 
some n> 1. 

We also need some extension/deformation lemmas for maps. 

Lemma 3.7. Let X be a compact metrizable space with K, L C X disjoint compact 
subsets. 

(1) // Y is an ANR, then for any map f : X ^ Y there exist a neighborhood 
U of f\K in C{K,Y) and a map s : lA ^ C{X,Y) such that s{g)\K — g, 
s{g)\L = f\L {g&U) ands{f\K)^f. 

(2) IfY is an AR, then we can take U — C{K,Y) in (1). 

Proof. (1) We define a closed subset H of the space G{K, Y) x X and a map 
ip : H ^Y hy 

H = {C{K, Y)x{K\J L)) U ({/Ik} X X) and 

^{g x) = {^'"'^^ yix£K, 

\f{x) li X e L or g ^ f\K. 

Since Y is an ANR and G{K, Y) x X \s metrizable, the map ip extends to a map 
(p -.V ^Y over a neighborhood V of in G{K, Y) x X. Using compactness of X, 
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we can find a neighborhood U of f\K £ C{K, Y) such that U x X dV . Then, the 
desired map s -.U C{X, Y) is defined by s{g){x) — ip{g, x). 

(2) If Y is an AR, then we can take V = C{K, F) x X and = C{K, Y). □ 

Lemma 3.8. Suppose X is a compact metrizable space and K,L are disjoint com- 
pact subsets of X . 

(1) // Y is strongly locally contractible at a point y Cz Y , then the following 
hold: 

(i) For any neighborhood V of yx in C {X, Y) there exist a neighborhood 
U ofyx in C{X, Y) and a homotopy Sf : U ^ V {t € [0 , 1]) such that 
for each f ElA 

(a) so(/)-/, (b) s^U)^C{X.L-Y.,y), 

(c) St{f)\K = f\K (te [0,1]), 

(d) if X e X and f{x) = y, then st{f){x) = y (t £ [0, 1]) 
[in particular, St{yx) =Vx)- 

(ii) For any subset F C X, the subspace C'{X, F]Y,y) is strongly locally 
contractible at yx ■ 

(2) // Y is strongly contractible at y, then the following hold: 

(i) There exists a homotopy St '■ C{X,Y) — )■ C'{X,Y) {t G [0,1]) which 
satisfies the consitions (l)(i)(a)- (d) for each f G C{X,Y). 

(ii) For any subset F C X, the subspace C'{X, F;Y,y) is strongly con- 
tractible at yx ■ 

Proof (1) (i) Take a map A : X -5- [0, 1] with X(K) = and A(L) = 1. There 
exists a neighborhood V oi y in Y witli C{X,V) C V. By the assumption, there 
is a neighborhood U oi y in Y and a homotopy ht : U ^ V {t E [0,1]) such that 
ho = idjj, hi — yu and ht{y) = y. Then U — C{X, U) is a neighborhood of yx and 
the required homotopy st '-U ^ V is. defined by St{f){x) ~ hxi^x)t{f{x))- 

(ii) We can apply (l)(i) to K — ^ and L = X so to obtain strong local 
contractions St : U ^ V a.i yx va C{X,Y). The condition (d) implies that 
st{U n C{X, F; Y, y)) C V n C{X, F; Y, y). 

(2) (i) The homotopy st is defined in the same way as in (l)(i) by using a strong 
contraction ht of Y at y. 

(ii) The condition (d) assures that st{C{X, F; Y,y)) d C{X, F; Y,y). □ 

4. Topological type of {C{X,G),Cc{X,G)) 

In this section we prove Theorem 11.11 To simplify the arguments, we use the 
following terminology: For pairs of spaces {X,A) and {Y,B), (a) we set {X,A) x 
{Y,B) = {X xY,Ax B), (b) we write {X,A) {Y,B) if for each point a E A 
there exist an open neighborhood U oi a va X and an open subset V oiY which 
admit a homeomorphism of pairs of spaces {U, U {^A) w {V,V f^B), and (c) we say 
that a map p : {X, A) (Y, B) has a local section at a point 6 G B, if there exist 
an open neighborhood y of 6 in F and a map of pairs s : {V,V f^B) ^ {X, A) such 
that ps = idy . 

Suppose G is a Hausdorff topological group and X is a locally compact Polish 
space. Let G = C{X, G) and = Cc{X, G). For subsets K,N CX, lei 



gK^C{X,K;G,e), g{N) = gx\N, 

fe(iv) = feng(7V) and gciN)^g{N)ngc. 
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Every discrete family L = (Li)ieN of compact subsets of X induces two maps 
rc:{g,gc)^{a,B),enC{L,,G), rc{f) ^ {fluhen, and 
: (□,H),eNa(LO ^ igiL),g,{L)), Xc{^f^)^eN)\L, = Mu, 

where L = IJjgpj Li. Note that the map is a homeomorphism. 

Let £ — (-Li)igN, = (iVi)igN and /C = {Ki)i^fi be discrete famihes of compact 
subsets of X such that Li C Int Ni {i € N) and X = LUK, where L = IJigN = 
UieN ^^"i ^ = UiGN The famihes J\f and /C induces the homeomorphisms 
A^ : (□,H),6Ne(iV,) ^ {g{N),g,iN)) and A^c : (□, □),eNe(i^^) ^ (^(if),^^^), 
and we obtain the map 

p: (□,H),eNe(iV,) X (□, □),eNe(i^,) ^ (^,0,), 
p((5j)jGN, (^i)ieN) = ^AfiigijieN) ■ -^K:((^i)ieN)- 
Lemma 4.1. (1) //G is an AR (ANR), then 

ig,gc) (□,H).eNC(L„G) X (□,E),eNaL(i^O- 
(2) // G is (locally) contractible, then the map p has a (local) section atex- 

Proof. (1) For each i e N, since Li and Fi = Frx^V^ are disjoint compact sets in 
Ni, by Lemma [3.71 (1). there exist an open neighborhood Vi of e^,. S C{Li, G) and 
a map s, : V. ^ G(7V„F,;G,e) « ^(TV,) such that ^' f [f e V,) and 

•Si (eLj ) = ex ■ The maps Sj (z G N) determine a continuous map 

The preimage V = r^^ [Di^fjVi) is an open neighborhood of ex in g. Consider the 
map 

T] = Xj^osorc -.V^giN). 

Since ??(g)|Li = g\Li {i G N), we have rj{g)^^g e g^. Hence, we obtain two maps 
: V DiGNVi X f/L, 0(5) = (''£(.9)! '7(5)"^ • 5) and 
9 : DieN^l^i) x CJ^ ^ CJ, e{{gi)i(,fi,h) = AA/-((gi)ieN) ■ /i- 

It foUows that 

o (s X id) o = idy. 

Indeed, we have (6' o (s x id) o (j)){g) — {\j\f o s o rc){g) ■ 'n{g)~^g = g (g e V). 
Next, consider the map — 9o[sxiA) : DigNVi xg^ ^ g. For any {{fi)ien, h) E 
DiewVi X gL, we have 

tpo{{fi)iefi,h)\L, ^ 0{{si{fi))i^m,h)\L, = XN-{{si{fi))i€N)\L, ■ h\Li 
= Xj\r{{si{fi))ieN)\L, ^ fi ^ Vj. 

This means that (re o ipo)iift)tefi, h) = (/i)ieN and ■i/;o((/i)ieN, M e r_^^(nieNVO = 
V. Thus, we obtain the map 

■0 = 6* o (s X id) : D.^z^Vi x CJl -> V. 

Now we shall show that the maps and ip are reciprocal homeomorphisms. It 
remains to show that (j)o^p = id. For any ((/i)igN, h) e DigNVi x g^, if we put g = 
fp{{h)i£fi,h), then we have (a) rc{g) = {fz)i&h (b) = (Aaa o s o r£)(5r) = {X_^f o 
s)((/j)ieN) and (c) g = '(/'((/j)jgn, ^) = 6'(s((/i)i6N), h) = {X^os){{fi)i^fi)-h. There- 
fore, it follows that {(p o tp){{f,),izn, h) = (j){g) = {rc{g),r]{g)-^g) = ((/i)igN,^)- 
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Since Si(eLj = ex (? G N), it is seen that 0(V n Qc) = HieNVi x Ql,c and 

4>:{v,vr\g,) « (□,h),6nV. x {gL^GL.c). 

Since X ~ L\J K , we have Ql C Q{K). Thus, Ak; restricts to the homeomorphism 

: {n,[I\),enQL{Ki) « [Gl^Ql^c)- 

Thus, we have (V, V n ^c) « (□, □)»eNV^ x (□, [I])^enQL{Ki). 

If G is an AR, then we can take Vi = C{Li, G) and V = Q. Then, we have 

ig,g,) « (□,a),eNC(L„G) x (□,D),eN^L(i^,)- 

(2) The argument proceeds along the same hne as the first half part of (1). The 
family Af induces the map 

r^-.g^ □,eNG(iV„ G), r^(/) - {f\N,heN- 

By Lemma [3?8l (1), for each i £ N, there exist an open neighborhood V,' of bn- S 
G(iV„G) and a map : V; ^ CiN,, F,;G,e) « g{N,) such that s^(/)|l. = 
(/ G Vj') and s,i(eAri) = CAr^. The maps (s^jgN determine a continuous map 

s' : □.eNV,; ^ □.eMe(A^z), s'((/0.eN) = (sU/0),eN- 

As before, V" = rjy-^(nigNVj') is an open neighborhood of ex in g and we have maps 

■q' ^ o s' or^r -.V g{N) and 

: V ^ □,eNV,' X g^, 0'(g) = (r^(5), /^'(s)-!^)- 
Note that the map p has the factorization 

id X A;c S 

p: D,eNgiN,)xD,eNgLiK,) « D^engiN,) x gL g. 

Again, it is seen that 9 o (s' x id) o cf)' — idy, and hence the map 9 has a local 
section at ex ■ 

{s' X id)0' : (V, V n gc) ^ (□, a),^ng{N,) x (^l, ^l.c). 

Thus, the map p also has a local section at ex- 
it G is contractible, then we can take V- = C{Ni, G) and V" = g. Hence, p has 
a global section. This completes the proof. □ 

A subset A oi M is regular closed if A = clM(intjv/^)- Since X is locally compact 
and a-compact, there exists a sequence (Ari)igN of compact regular closed subsets 
of X such that Xi C intx-^i+i (« S N) and X = IJ-gpjXi. It induces the tower 
{g{Xi))i^tii of closed subgroups of gc and the multiphcation map 

p : Bi(zf!ig{Xi) -> g^ . . . ,hn) ^ hi - ■ - hn- 

Let Li = Xi\ intxATi-i for each i £ N, where Xq — 0. Since each Xi is regular 
closed, Li is also regular closed. We call the sequence {Xi, Li)i^fi an exhausting 
sequence for X . 

Proposition 4.2. Suppose (Xi, Li)iizfi is an exhausting sequence for X . 

(1) IfG is an AR (ANR), then 

{g,g,) (□,H),eNG(L2^,G) X (□, □),eNe(L2,-i). 

(2) IfG is (locally) contractible, then 

(i) the map p : E\i^iqg{Xi) gc has a (local) section s at ex such that 
s{ex) = (ex, ex, . . . ), 
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(ii) the group Gc is the direct limit of the tower in the category 

of topological groups. 

Proof. There exists a sequence {Ni)i^fi of compact subsets of X such that Li C 
mix Ni and NiCiNj ^ $ iS \i — j\ < 1. We apply Lemma BTTl to the discrete famihes 
jC- = (i2i)ieN, ■^f = (A^2i)iGN and /C = (L2i-i)iGN- Let L = lJieN-^2i- Since i2i-2 
is regular closed, we have GL{L2i-i) = Q{L2i-i) for each j £ N. 

(1) The statement follows directly from Lemma [4. 11 (1). 

(2) (i) By Lemma 0(2) the map 

p : {n,E\),enQ{N2^) x {^,E\),enQ{L2^-l) ~^ {G^Gc), 
Piifi)ieN, igi)ieN) = ^Ariifi)ieN) ■ ^icii9i)ieN) 

has a local section 5 : (V, V n Gc) ^ (□, □)jeN^(^2«) x (□, B)^enG{L2^-l) at ex 
such that 

S{ex) = {{ex,ex, ■■ ■), {ex, ex, ■■■))■ 
Note that W = V n is an open neighborhood of ex in Gc and that for each h G W 
the image S{h) = ((/i)ieN, (5i)zeN) satisfies the following conditions: 

(a) h = X^f{{f^)^eN) ■ A/c((5»)i6N) = (/1/2 • • • ){9i92 ■■■) = figif292f393 ■■■ ■ 

(b) f^ e G{N2^) C G{X2^+l), 9^ G G{L2,-l) C G{X2,-l) C G{X2^+2) for Cach 

i e N. 

(c) {ex, ex, f 1,91, f2, 92, . • .) e □ieN^(-'^<) and /i ^ p(ex ,ex , fi, 9i, f2, 92, ■■■)■ 
Therefore, the required local section of the map p : E\i^f.iG{Xi) —> Gc is defined by 

s : W ^ B^(,^G{X^), s{h) ^ {ex,ex,fi,9i,f2,92,---)- 

If G is contractible, then we can take V ^ G and W = ^c- 

(ii) From (i) and Remark 12.11 it follows that p is open at e = {ex, ex, ■ . ■)■ Thus, 
the assertion follows from Proposition [221 This completes the proof. □ 

Proof of Theorem 11.11 By Proposition 14.21 (1) it only remains to determine the 
topological type of the spaces C{L2i,G) and G{L2i-i) ~ C{L2i-i,FTxL2i-i;G,e) 
for a suitable exhausting sequence {Xi, Li)igN for X. 

(1) If G is non-locally compact, we choose any exhausting sequence {Xi, Li)igN- 
If X is not end-discrete, we can find an exhausting sequence {Xi, Li)igN such that 
IntxLi is infinite for each i > 1. In each case we have G{L2i,G) I2 and 
G{L2^-l) I2 {i > 1) by Corollary|3l](l). 

(2) Since G is locally contractible, it follows that G is a Lie group of dimension 
n > 1 (so that G M") and that G w R" if G is contractible. (i) By the 
assumption, we can find a compact open subset Xi of X such that Xi is infinite 
and X ~ Xi is discrete. Thus we have an exhausting sequence {Xi, Li)i^fi such that 
(a) Li^s are disjoint open subsets of X, (b) Li is infinite and (c) Li is a one-point 
set for any i > 2. Then, G{Li) «(£) I2 and C{L2i,G) k, G{L2i+i) « G (z > 1). 

(ii) Choose an exhausting sequence {Xi, Li)i^fi such that each Li is a one-point set. 
Then, we have G{L2^-l) w C{L2^, G) ^ G {i > 1). □ 

Proof of Theorem II. 2i (1) Choose any exhausting sequence {Xi, Li)i^fq for X. 
Since G is (locally) contractible, so is ea.chG{Xi) w C{Xi, FixXi; G, e) by Lemma l3^ 
Hence, E\i(zfiG{Xi) is (locally) contractible from Proposition 12.31 By Proposi- 
tion |4?2](2) the map p : □igN^(-'^i) ^ Gc admits a (local) section s at ex such 
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that s{ex) — (ex,ex,-.-)- Thus, the group Qc is also seen to be (locally) con- 
tractible. 

(2) The paracompactness of the space Cc{X,G) follows from Proposition 14.41 
below. Thus, the assertions follow from Theorem ll.il □ 

Let y be a topological linear space and (l^)igN a tower of closed linear subspace 
of V. Then, they are abelian groups and the direct limit of the tower (l^)igN in the 
category of topological groups is also a topological linear space. Thus, we have the 
following as a corollary of Proposition 14.21 (2') (ii) . 

Corollary 4.3. Suppose X is a locally compact Polish space and (Xi)igN is a 
sequence of compact subsets of X such that Xi C intxXi^i {i G N) and X — 
[J^^^Xi. Then, for any Frechet space F the space Cc{X,F) is the LF-space with 
respect to the tower of Frechet spaces {C{Xi, FixXf, F,0))i(=fi. 

Let {Y, *) be a pointed space. Similarly to the above, the support of / e C{X, Y) 
is defined by supp(/) — c\x{x £ X : f{x) ^ *} and we define a space Cc{X, Y) as 
follows: 

Cc{X,Y) = {/ G C(X,G) : supp(/) is compact}. 
A space is said to be perfectly paracompact if it is paracompact and each open 
subset is of type F^. It should be noticed that any subspace of a perfectly para- 
compact space is perfectly paracompact (cf. [ini Theorem 5.1.28], [HI Chapter VH, 
Section 2, 2.5]). From [8j Section 4] it follows that the small box product of metriz- 
able spaces is perfectly paracompact. Since any LF-space is homeomorphic to a 
small box product of Frechet spaces [14] , it follows that every LF-space is perfectly 
paracompact. Hence, Corollarv 14.31 has the following consequence. 

Proposition 4.4. Suppose X is a locally compact Polish space and {Y, *) is a 

pointed metrizable space. Then, CciX,Y) is perfectly paracompact. 

Proof. Let {N, 0) be a Banach space which contains {Y, *) as a subspace. By Corol- 
larv l4.3l the space Cc{X,N) is an LF-space, and hence it is perfectly paracompact. 
Since Cc{X, Y) is a subspace of CrXX, N), we have the conclusion. □ 
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